ABSTRACT. The present paper, which is a continuation of our earlier work in Annali di 
INTRODUCTION.
A few years ago, the concept of generalized polars of the product of abstract homogeneous polynomials (a.h.p.) was introduced by Marden [3] while in his attempt to generalize to vector spaces a theorem due to Bcher [4] . His formulation involves the use of hermitian cones [5] , a concept which was first used by HSrmander [6] in obtaining a vector space analogue of Laguerre's theorem on polar-derivatives [7] and, later, employed by Marden [3] , [8] , in the theory of composite a.h.p.'s. In all these areas the role of the class of hermitian cones has been replaced by a strictly larger class of the so-called circular cones. This was successfully done byZaheer [9] , [I0] , [11] and [5] in presenting a more general and compact theory which incorporates into it the various independent studies made by Hormander, Marden and Zervos. A complete account of the work to date on generalized polars, which fall in the category of composite a.h.p.'s in the wider sense of the definition of the latter now in use (cf. [5] , [12] , [13] , [14] ) can be found in the papers due to Marden [3] , Zaheer [5] , and the authors [1], [2] . Generalized polars with a vanishing weight as well as the ones with a non-vanishing weight have beea considered in the first two papers, while the third (resp. the fourth) deals exclusively with the ones having a vanishing (resp. a non-vanishing) weight.
But all have a common feature that the factor polynomials involved in the generalized polar of the product have been divided into two or three groups, each of which is preassigned a circular cone containing the null-sets of all polynomials belonging to that group. Our aim here is to consider generalized polars with a vanishing or a non-vanishing weight where, in general, no two factor polynomials are necessarily required to have the same circular cone in which their null-sets must lie.
In fact, we take up the general problem of determining sufficiency conditions for the non-vanishing of generalized polar (with a vanishing or a non-vanishing weight) where the factor polynomials have been preassigned mutually independent locations for their respective null-sets. Our main theorems fully answer this general problem and include in them, as special cases, all the corresponding results on the topic known to date and established in Marden [3] , Zaheer [5] and the authors [I] , [2] . One of the main theorems of this paper leads to a slightly improved form of Marden's general theorem on critical points of rational functions [7] .
2. PRELIMINARIES.
Throughout we let E and V denote vector spaces over a field K of characteristic zero. A mapping e E V is called (cf. [6] , [15] , [16] , and [9] ) a vector-valued a.h.p, of degree n if (for each x, y E) n P(sx + ty) r. A k(x,y) skt n-k k=o s, te K, where the coefficients Ak(X,y e V depend only on x and y. We shall call P an a. h. p. (resp. an algebra-valued a. h. p. if V is taken as K (resp. an algebra).
We denote by P the class of all vector-valued a.h.p.'s of degree n from E to V n (even if V is an algebra) and by P the class of all a.h.p's of degree n from E n to K. The nhpo of P is the unique symmetric n-linear form P.(.x ,x 2,... ,x n) from E n to V such that P(x,x,...,x) P(x) for all x : E (Hormander [6] and Hille and Phillips [15] for its existence and uniqueness). The kth polar of P, for given x l,x2,...,x k in E, is defined by
The following material is borrowed from Zaheer [17] , [I] and [2] . 
Obviously, LP g P.
In the notations of (2.1) and (2.2) the product of the poly- If K is an algebraically closed field of characteristic zero, then we know [19] and [20] [2] the present theorem applies in the complex plane to yield an improved form of a general theorem due to Marden [7] .
In the following theorem we take, without loss of generality (cf. Remark 2.2 (III)), circular cones with a common nucleus. Consistently, we shall denote by Z (x,y) the null-set of an a.h.p. P (with respect P to given elemeats x,y E), defined by
Zp(x,y) {sx + ty * ols,t e K; P(sx + ty) o}. As application of Theorem 3.1 in the complex plane we prove the following corollary which, apart from generalizing the two-circle theorem and the cross-ratlo theorem of Walsh [22] (cf. also [7] , Theorems 20,1 and 22,21, improves upon Marden's general theorem on critical points of rational functions ( [7] or [23] and [24] [5] , that nk-I Pk(Xo,X) (I/nk)3Pk/S (I/nk)t f(s/t) (3.8) fr k 0,I
,p. If we set n + n + + n m and define Next, we take up the most general theorem of this paper, which we establish via application of Theorem 3.1. Since Theorem 4.4 reduces to Theorem 3.1 on taking V K and M K {o} (c.f. Remark 4.1), it becomes the most general result of this paper. Besides, it leads to the following corollary, which combines two earlier results due to the authors [I] and [2] which includes in it (as a natural consequence) a number of other known results due to Zaheer [5] , [17] , Marden [3] , Walsh [22] , and to Bcher [4] . [7] expressed in Corollary 3.3, and Bocher's theorem [5] . To sum up: apart from the fact that all the previously known results [3] , [5] , [2] , have been jacketted 
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